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Abstract: Nonlinear equations represent many difficulties in the realms of science and engineering, 

but efficiently solving them is not an easy feat. In this study, two new derivative-free iterative 

schemes, namely the scheme of seventh order and the scheme of eighth order, are proposed, which 

can be used to find solutions of nonlinear equations. These new schemes take advantage of finite 

difference approximations and the divided difference technique, eliminating the need for derivative 

computation and yet providing very fast convergence towards the solution. To test our new schemes, 

we consider several nonlinear equations and compare their performance with established high-order 

methods. We observe that our schemes outperform other methods in terms of accuracy and efficiency, 

with efficiency index values of 1.79 and 1.86, respectively. Our proposed schemes emerge as highly 

efficient and effective.  
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1. Introduction 

The solution of nonlinear equations is one of the most basic problems in mathematical 

modeling. It is common in many fields, such as physics, engineering, biology, and 

economics. The calculation of the concentration of medicines in the bloodstream, the 

computation of fluid flow through pipes, the determination of beam deflections, and the 

prediction of the path of a satellite are all nonlinear problems. Nonlinear equations are 

usually difficult to solve analytically due to their complexity, especially when transcendental, 

exponential, or higher-order polynomial functions are included in the problem. This has led 

to the development of iterative techniques to numerically solve these equations. 

Of all the numerical methods, the Newton-Raphson technique is probably the most well-

known and classical. The Newton-Raphson algorithm is famous for its quadratic convergence 

and forms the foundation of numerical analysis. Nevertheless, the method is not without its 

drawbacks. The first drawback is that it needs the computation of the derivatives, which can 

sometimes be difficult or costly. The other disadvantage is that it is prone to divergence if the 

initial guess is not well selected. 

Efforts have been made in the field of numerical analysis to develop new algorithms with 

better performance characteristics, especially higher orders of convergence. The objective of 

such techniques is to decrease the number of iterations required to achieve the desired level 
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of accuracy by speeding up the process of error reduction per iteration step. Although some 

of these techniques might require increased computational effort compared to the standard 

technique due to increased complexity, the advantage of their faster rate of convergence 

towards the exact result might make them superior in terms of efficiency. 

This paper aims to contribute to this expanding scientific knowledge through the introduction 

of two new derivative-free iterative methods of seventh and eighth orders of convergence. In 

order to introduce new schemes that will enable fast convergence without having to calculate 

derivatives, the use of the basic scheme proposed by Newton, together with divided 

differences and function evaluations, has been adopted. The main reason behind this choice 

lies in the existence of many applications where the differentiation process is too complex. 

Our methods are benchmarked using various nonlinear functions and are compared with 

existing high-order iterative methods available in the literature. Residual errors and 

computation time have been analyzed for all the test problems. Our proposed methods have 

been found not only to provide high precision but also computational efficiency. 

2. Motivation for Higher-Order Methods 

The search for faster and more efficient algorithms for the solution of nonlinear equations has 

contributed to the development of high-order iterative techniques. These approaches have the 

advantage of being capable of achieving rapid convergence while needing a minimal number 

of iterations to achieve the desired level of error. The traditional approaches for solving 

nonlinear equations include the bisection algorithm, fixed-point technique, and secant 

approach. All of these approaches suffer from the problem of being slow, especially when 

very high precision is required. 

High-order algorithms such as seventh- and eighth-order algorithms have managed to 

overcome this issue by offering rapid convergence while requiring only a minimal number of 

iterations. The main difficulty arises in finding the optimal balance between accuracy and the 

computational cost involved. High-order methods tend to require additional calculations 

involving the computation of additional derivatives or function evaluations, thus nullifying 

the effect of the rapid convergence. In this regard, many studies have focused on the 

development of derivative-free high-order methods. 

3. Seventh-Order Methods 

There exist some seventh-order methods recently suggested. First, Fang et al. (2016) [8] have 

developed two iterative schemes of high order utilizing Newton-type iteration methods. 

Although the convergence of the methods proved to be highly reliable, the authors have 

shown the necessity for calculating the derivatives. The second method has been devised by 
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Bawazir (2021) [9], who proposed a scheme that uses several function values and other 

factors to stabilize the process of convergence. 

However, both schemes show two major drawbacks, namely, their convergence is sensitive to 

initial approximations and requires computing derivatives or expressions of this type, which 

is problematic for non-differentiable functions. 

Thus, there has been a need to develop a method capable of approximating derivatives in 

order to minimize the calculation burden and preserve convergence speed at the same time. 

4. Eight-Order Methods 

In the wake of the success of seventh-order methods, scientists have gone a step further and 

introduced eighth-order iterative methods. For instance, in their research, Sharma et al. 

(2022) [11] developed a series of eighth-order methods based on Newton’s algorithm, which 

included the application of correction terms. The performance of the aforementioned eighth-

order methods was improved significantly. 

Another study by Kong-ied (2021) [12] has contributed to the development of eighth-order 

iterative methods through his derivative-free eighth-order iterative method. The study 

avoided using high-order derivatives by taking advantage of ratios and divided differences. 

Eighth-order iterative methods may be complicated and challenging, but their use can be 

justified in various areas such as the simulation of aerospace systems, quantum physics, and 

finance, among others. 

Iterative methods for solving nonlinear equations continue to progress, with scholars striving 

to develop new approaches regarding the convergence rate and speed. Although several 

eighth-order and other high-order iterative methods have been developed, very few of them 

achieve an optimum balance of convergence order and simplicity without requiring 

derivatives. 

The derivative-free seventh- and eighth-order methods proposed in this paper build upon the 

existing work by addressing the limitations of derivative dependency and convergence 

stability. Our numerical experiments show that these methods perform competitively—or 

even outperform—existing schemes in terms of accuracy, convergence speed, and 

computational efficiency. 

5. Development of the Seventh-Order Method 

We consider the following iterative scheme: 



 
Muhammad et al 

71 
 

      
 (  )

  (  )
 

      
 (  )

  (  )
 

        
 (  )

  (  )
 

         (1) 

We aim to make the above scheme completely derivative-free. For this, we approximate the 

derivative   ( ) at each stage as follows. 

First step: Approximate   (  ) using a symmetric finite difference expression: 
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        (2) 

Second step: Approximate   (  ) in a similar fashion: 
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Third step: Approximate   (  ) using divided differences: 
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Thus, we approximate the derivative at    as: 

  (  )                   (7) 

Hence, the final derivative-free scheme becomes:  

      
 (  )

  
  

      
 (  )

  
       (8) 
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The above scheme (8) performs only three function evaluations per iteration and has the 

efficiency index          . 
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6. Theorem 

Assume that α is a simple root of a function   defined on an open interval     , where   is 

smooth enough (i.e., sufficiently differentiable). If the starting value  ₀ is taken sufficiently 

near , then the iteration formula labeled (8) converges with seventh order and satisfies the 

subsequent error equation. 
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7. Development of Eighth-Order Iterative Method 

Again, consider the same scheme (1): 

      
 (  )

  (  )
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 (  )
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          (9) 

We aim to make the above scheme completely derivative-free. To achieve this, we 

approximate   (  ) at different stages using symmetric finite differences. 

First step: Approximate the derivative   (  ) as: 

   
 (    (  ))  (    (  ))

  (  )
                    (10) 

Second step: Approximate the derivative   (  ) as: 
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Third step: Approximate the derivative   (  ) as: 
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                   (12) 

Substituting the values of   ,   , and    into the original scheme referenced in Equation (9), 

we obtain the following derivative-free iterative method: 
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The above iterative scheme (13) performs only three function evaluations per iteration and 

has an efficiency index            

8. Theorem 

Suppose that   is a simple root of a real-valued function   defined on an open interval   

 , where   is assumed to be sufficiently smooth. If the initial approximation    is taken 

sufficiently near , then the iterative process referred to as (13) converges with eighth-order 

accuracy and satisfies the error equation given below. 
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9. Numerical Results and Discussion 

In this section, we compare our methods by analyzing the first three errors of our newly 

developed schemes with the other methods having the same order of convergence. The 

iterative scheme (8) of seven order convergence compares with the two seven order iterative 

methods, which we call (LF7) and (LP7), Bawazir (MB7), Sriasarakham and Thongmoon 

(NS7). Meanwhile, the iterative scheme (13) of eighth-order compares with Sharma, R. et. al. 

developed three eighth-order iterative schemes, we label these three schemes as (AR8), 

(RS8), and (SN8), Kong-ied (BK8). 

This comparison illustrates the accuracy of our novel iterative schemes. We consider some 

non-linear equations for testing with their initial guesses. The results are summarized in the 

tables. These tables show that our methods show better accuracy in most of the cases. 

MAPLE 2023 was used for analyzing the results using       digits of floating point 

(digits=1,000). 

10. Numerical Experiment of the Seventh-Order Iterative Method 
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11. Numerical Experiment of Eighth-Order Iterative Method 
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12. Conclusion 

The paper proposes novel derivative-free iterative techniques of order seven and eight for 

nonlinear equations. These schemes use finite differences and divided differences instead of 

derivative approximations and thus are quite easy to implement while still being accurate at 

the same time. Numerical examples, conducted using a precision of a thousand digits in 

MAPLE 2023, compare the performance of proposed schemes to other iterative techniques, 

considering several test functions. Numerical comparisons, which include tables showing 

errors demonstrating convergence rates, prove the efficiency of the proposed schemes, FH7 

and FH8. As a result, the proposed schemes have a competitive advantage over the other 

techniques, offering better performance and faster execution while remaining accurate at the 

same time. Efficiency indices of 1.79 and 1.86 provide further evidence of their superiority 

compared to other schemes. Future research will focus on applying the proposed techniques 

in practice, namely, in engineering computations and financial modeling. We are interested in 

testing these methods to solve nonlinear problems. 

 

References 

 

[1].  J. M. Ortega and W. C. Rheinboldt, Iterative solution of nonlinear equations in several 

variables, Academic Press, (1970). 

[2].  J. F. Traub, Iterative methods for the solution of equations, Prentice-Hall, (1964). 

[3].  Z. Liu, Q. Zheng, and P. Zhao, A variant of Steffensen’s method of fourth-order convergence 

and its applications, Applied Mathematics and Computation, 216 (2010), pp. 1978-1983. 

[4].  H. Ren, Q. Wu, and W. Bi, A class of two-step Steffensen type methods with fourth-order 

convergence, Applied Mathematics and Computation, 209 (2009), pp. 206-210. 

[5].  A. Cordero, J. Hueso, E. Martínez, and J. R. Torregrosa, Steffensen-type methods for solving 

nonlinear equations, Journal of Computational and Applied Mathematics, 236 (2012), pp. 3058-

3064. 

[6].  Q. Zheng, P. Zhao, and F. Huang, A family of fourth-order Steffensen-type methods with 

applications on solving nonlinear ODEs, Applied Mathematics and Computation, 217 (2011), 

pp. 8196-8203. 



 
Muhammad et al 

79 
 

[7].  M. S. Petković, S. Ilić, and J. Džunić, Derivative-free two-point methods with and without 

memory for solving nonlinear equations, Applied Mathematics and Computation, 217 (2010), 

pp. 1887-1895. 

[8].  L. Fang, L. Guo, Y. Hu, and L. Pang, Seventh-order convergent iterative methods for solving 

nonlinear equations, International Journal of Applied Science and Mathematics, 3 (2016), pp. 

195-197. 

[9].  H. M. Bawazir, Seventh and twelfth-order iterative methods for roots of nonlinear equations, 

Hadhramout University Journal of Natural and Applied Sciences, 18 (2021), pp. 1-9. 

[10].  N. Srisarakham and M. Thongmoon, A note on three-step iterative method with seventh order 

of convergence for solving nonlinear equations, Thai Journal of Mathematics, 14 (2016), pp. 

565-573. 

[11].  R. Sharma and N. Bala, Fifth and eighth order iterative methods for solving nonlinear equations 

with their basins of attraction, Journal of Numerical Studies: History, Politics, Culture, 32 

(2022), pp. 138-159. 

[12].  B. Kong-ied, Two new eighth and twelfth order iterative methods for solving nonlinear 

equations, International Journal of Mathematics and Computer Sciences, 16 (2021), pp. 333-

344. 


